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Outline

● DFT calculations and the GPAW package.

● Equilibrium shape: 20th century and the nano-era (1995-).

● Equilibrium shape from first principles (2005-).

● Au nanoparticles from first principles and the atomistic Wulff 
construction method.

● Nanoparticles in reactive environment.
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First-principles atomistic calculations
 Input:  Coordinates of the nuclei plus numerical parameters.

 Output: equilibrium structure for given external fields, and/or 
response functions (usually).

 Advantage: Understanding and design of materials at their ultimate 
level: elecrtrons and nuclei (or ions).

 Density-functional Theory (DFT): Hψ=Εψ; H=K+Ve-ion+Ve-e+Vx-c :
 Ve-ion:pseudopotential; Ve-e: mean-field electron-electron;
 Vxc: many body plus self-interaction correction.

 Here: DACAPO, GPAW and ASE (GPL'd open source software)
 http://www.camd.dtu.dk/Software
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Projected Augmented Wave method
  

 http://www.camd.dtu.dk/Software

|ψ >=(1+∑a T a)| ψ̃ >

|φa>=(1+T a) | φ̃a >

ψ̃ (x , y , z)=ψ̃ (ih , jh , kh)

http://www.camd.dtu.dk/Software
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                                υ

 υ ~ √P; Ea and υ agree with experiment.
 The CO bond weakens (e.g. by H) beore it breaks.

Andersson et al., J. Catal. 255, 6 (2008).
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Example: Catalysis from first principles
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                    Nanomaterials
Building blocks of the order
 of few nm (10-9 m)
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Nanoparticle sizes at equilibrium
G = U + PV – TS                

“Bottom up” synthesis (self-assembly): 

 Τ→0 favors few big particles (low U). 
 Τ→∞ favors many small particles (high S). 
                        T-dependent size.                             J. W. Gibbs (1839-1903)

 Similarly, size depends on other synthesis parameters, such as PH, 
concentrations, etc.
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Equilibrium shape (1878)

G = Gb u l k + Σ γh k l Ah k l  =   min.
Surface tension γ = (Surface energy) / (area)
(Surface energy) = (Energy )- (Energy of bulk)
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Wulff's theorem
(Wulff 1901) Minimum energy polyhedron:     
       dh k l / γh k l = constant  

Low-energy -> large area -> closer to center. 

First Proof: M. Von Laue (1943). 

Short proof by R. F. Strickland-Constable (1968):

G=ΣγhklAhkl minimized for constant V=Σ(1/3)dhklAhkl :

δ(G-λV)=0  => Σ(γhkl-cdhkl)δAhkl=0 => γhkl=cdhkl    (QED).
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An example of Wulff construction
       dh k l/γh k l = constant  (d=distance from center). 

Orthorhombic material (e.g aragonite CaCO3) with 

                  γ100=γ110=γ=0.5γ010 << γ001 << γhkl.

Crystal habit: elongated rods (Cross section below).
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Symmetry-allowed shapes
The Wulff polyhedron belongs to the same  point group as its 

building blocks.

FCC: the most symmetric close-packed structure, found in most 
metals and several molecular crystals.

 Oh = {E, 8C3, 6C2, 6C4, 3C4
2, I, 6S4, 8S6, 3σh, 6σd}

(48 operations)
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Examples of Oh polyhedra

● Symmetry is necessary 
(but not sufficient) con-
dition that the system 
has reached equilibrium.

● A non symmetric 
(large) particle is most 
likely out of equilibrium.
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Properties of equilibrium shape
● The shape depends on ratios between surface tensions. 
● (hkl) planes with high surface tension (usually high-indexed 
ones) are less likely to appear in the equilibrium shape.
● Being steeper, high-index faces are usually hidden behind 
low-index ones, even if γhkl is low. 
● The extra energy associated with the formation of edges 
between two surfaces is neglected.
● The Wulff polyhedron belongs to the same point group as the 
crystal structure of the material.
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Equilibrium shapes in nature

G = Gb u l k + Σ γh k l Ah k l     

   Equilibrium shape: minerals (billions of years to equilibrate) or 
nanoparticles (small size).

www.mindat.org                                                 Turner et al., Adv. Func. Mater. 2009

http://www.mindat.org/
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Wulff's theorem and 
nanoparticles



http://theory.materials.uoc.gr 16

Wulff's theorem and nanoparticles
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Wulff's theorem and nanoparticles

P. L. Hansen, J. B. Wagner, S. Helveg, J. R. Rostrup-Nielsen, B. S. Clausen, H. 
Topsøe, Atom-Resolved Imaging of Dynamic Shape Changes in Supported 

Copper Nanocrystals, Science 295 2053 (2002).
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Surface tesion of Ru(hkl) from DFT
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Virtual catalyst for NH3 synthesis

K. Honkala, A. Hellman, I. N. Remediakis, A. Logadottir,
A. Carlsson, S. Dahl, C.H. Christensen and J. K. Nørskov, 

Science, 307 558 (2005);
Surf. Sci., 600, 4264 (2006);
Surf. Sci., 603, 1731 (2009).
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Si quantum dots in a-SiO2
E=0.000 E=0.010E=0.010

E=0.010 E=0.005E=0.061 E=0.050  eV/Å2

Red : {100} Blue : {110} 
Green : {211}

G. Hadjisavvas, I. N. Remediakis, P. C. 
Kelires, Phys. Rev. B 74, 165419 (2006).
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Shape of diamond nanocrystals in 
amorphous Carbon

G. Kopidakis, I. N. Remediakis, M. G. 
Fyta and P. C. Kelires, Diam. Rel. 
Mater. 16, 1875 (2007).
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Cu (in N2) and Au (in O2)  

Left: Morphology of copper nanoparticles in a nitrogen atmosphere: A first-
principles investigation, A. Soon, L. Wong, B. Delley,  C. Stampfl, Phys. 
Rev. B 77, 125423 (2008)

Right: Shape and surface structure of gold nanoparticles under oxidizing 
conditions,  H. Shi and C. Stampfl, Phys. Rev. B 77, 094127 (2008).
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Au nanoparticles
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Au nanoparticles
Catalysis, gas sensors, optoelectronics, bio-labeling, ... 

Hybrid nanomaterials with unique properties. 

Au@(C nanotubes): C. Bittencourt et al., Chem. Phys. 328 (2006) 385.
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 CO oxidation @ room T

 Initial     Transition   Final StateInitial     Transition   Final State

Gold-only (top)  and Gold-oxide interface path (bottom).

 CO oxidation barrier: 0.36-0.40 eV (calculation), 0.36 or 0.38 (experiment)    

I. N. Remediakis, N. Lopez and J. K. Nørskov, Angew. Chemie Int. Ed. 44, 1824 (2005); 

Appl. Catal. A 291 13 (2005).
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Equilibrium shape 
of Au nanoparticles 
from first principles

● Using Density Functional Theory, we calculate the surface tension 
of different Au surfaces.

● Using Wulff construction, we find nanoparticles with minimum en-
ergy.

● Novel approach: take into account interactions of nanoparticle with 
its environment.
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Modeling Au surfaces with DFT
● Slab model. 

● Parameters chosen for convergence of surface tension within 
0.01 J/m2.

● Calculate total energy of slab and bulk Au.

● Eslab = N Ebulk+2Aγ
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 γhkl ~ Nhkl  ;   Νhkl=2h+k or 4h+2k.

(Mackenzie et al., J. Phys. Chem. Solids (1962))

  a: MAEAM, Wen & Zhang, (2007);             

  b: LMTO+Mckenzie, Galanakis et al. (2002).   

Surface tensions, equilib. shapes
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Equilibrium shapes

Quintana et al., ACS nano 4 (2010) 6105
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Equilibrium shapes

Bittencourt et al., Surf Sci. 601 (2007) 2800
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Equilibrium shapes

●  Predicted nanoparticles 
match observations even at 
small sizes.
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Equilibrium shapes
● Predicted 

nanoparticles 
match 
observations 
even at really 
small sizes.
(459 atoms, 
2.5 nm)



http://theory.materials.uoc.gr 33

Simple formula for interfacial tension 
● When nanoparticles form in a reactive environment, 

some molecules may attach to gold surfaces, lowering 
thus the surface tension.

●  For a slab of Au within a reservoir of molecules a:

Etot=ΝAuEAu+NaEa+2γintA

●  Eads=E(slab+a)-E(clean slab)-Ea after some math:

 γint=γ+NadsEads/A 
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Environment-dependent shape 
●

  γint=γ+NadsEads/A  

● γint is very close to γ for weak interaction (low Eads) or low 
concentration (Nads/A).
● As a result, the equilibrium shape of nanoparticles in most 
cases is similar to the equilibrium shape in vacuum.
● Exception: very strong bindind AND high concentration. 
● Case study: CO. 
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CO Adsorption on Au

G. Mpourmpakis, A. N. Andriotis, D. G. 
Vlachos, Nano Lett. 10, 1041 (2010) ; 
S. R. Bahn, N. Lopez, J. K. Nørskov, 
and K. W. Jacobsen, Phys. Rev. B 66, 
081405 (2002)

The first calculation of CO on 
every  Au(hkl).

Barmparis and INR, PRB 2012.
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Au nanoparticles in CO gas

TEM by K. Ueda, T. Kawasaki, H. Hasegawa, T. Tanji and M. Ichihashi, Surf. 
Interf. Anal. 40, 1725 (2008).

                    

γint=γ+θEads/Aat
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CH3S- on Au(hkl)
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CH3S- on Au(hkl)
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CH3S- on Au(hkl)

Barmparis, Honkala, Remediakis, submitted to J. Chem. Phys.
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Thiol adsorption on Au
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Thiol-protected Au nanoparticles
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Adsorption increases reactivity.

Barmparis, Honkala, Remediakis, submitted to J. Chem. Phys.
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Spectroscopic signature of 
nanoparticles

●  The nanoparticle shape affects the electronic structure.

●  As a first step, we consider a free electron inside a 
nanoparticle.

● Cube:

● Sphere:

En1n2n3=
ℏ2π 2n1

2n2
2n3

2

2ma2

Enlm=
ℏ2 xnl

2

2mr 2
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Can one measure the shape of a 
nanoparticle? 
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Wave functions in a Au nanoparticle
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Shape-dependent energy levels 

Energies in eV nm2/3, 
(scaled to correspond 
to identical volume).

The first step towards 
spectroscopic 
identification of 
shapes? 

n  
Sphe
re 

 CO  
SCH
3

 
Clean 

 
Cube 

0 0.00 0.00 0.00 0.00 0.00
1 2.10 2.14 2.18 2.21 2.26
2 2.14 2.14 2.18 2.21 2.26
3 2.14 2.14 2.18 2.21 2.26
4 4.79 4.80 4.78 4.37 4.51
5 4.79 4.80 4.78 4.37 4.51
6 4.80 4.80 5.03 5.44 4.51
7 4.82 4.89 5.03 5.44 6.02
8 4.85 4.89 5.03 5.44 6.02
9 6.11 6.14 6.24 6.06 6.02
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Conclusions
Quantum mechanical simulations can be used to derive accur-
ate equilibrium shapes for metal, semiconductor and insulator 
nanoparticles.

Nanoparticles in weakly interactive environments have similar 
shapes. 

Nanoparticles increase their sphericity upon exposure to react-
ive environment.

Energy levels can be used as a probe of shape.
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