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Preface

In the case of good books, the point is not how many of them you can get through, but rather how many can

get through to you.

“Std. XII Sci. : PERFECT MATHEMATICS - II” is a complete and thorough guide critically
analysed and extensively drafted to boost the students confidence. The book is prepared as per the
Mabharashtra State board syllabus and provides answers to all textual questions. At the beginning of every
chapter, topic — wise distribution of all textual questions has been provided for simpler understanding of

different types of questions. Neatly labelled diagrams have been provided wherever required.

Multiple Choice Questions help the students to test their range of preparation and the amount of
knowledge of each topic. Important theories and formulae are the highlights of this book. The steps are

written in systematic manner for easy and effective understanding.

The journey to create a complete book is strewn with triumphs, failures and near misses. If you think

we’ve nearly missed something or want to applaud us for our triumphs, we’d love to hear from you.

Please write to us on : mail@targetpublications.org

Best of luck to all the aspirants!

Yours faithfully,
Publisher



PAPER PATTERN

There will be one single paper of 80 Marks in Mathematics.
Duration of the paper will be 3 hours.

Mathematics paper will consist of two parts viz: Part-1 and Part-I1.
Each Part will be of 40 Marks.

Same Answer Sheet will be used for both the parts.

Each Part will consist of 3 Questions.

The sequence of the Questions will be determined by the Moderator.

The paper pattern for Part—I and Part—II will be as follows:

Question 1:

This Question will carry 12 marks and consist of two sub-parts (A) and (B) as follows:

(A) This Question will be based on Multiple Choice Questions.
There will be 3 MCQs, each carrying two marks.
(B) This Question will have 5 sub-questions, each carrying two marks.

Students will have to attempt any 3 out of the given 5 sub-questions.

Question 2:

This Question will carry 14 marks and consist of two sub-parts (A) and (B) as follows:

(A) This Question will have 3 sub-questions, each carrying three marks.
Students will have to attempt any 2 out of the given 3 sub-questions.
(B) This Question will have 3 sub-questions, each carrying four marks.

Students will have to attempt any 2 out of the given 3 sub-questions.

Question 3:

This Question will carry 14 marks and consist of two sub-parts (A) and (B) as follows:

(A) This Question will have 3 sub-questions, each carrying three marks.
Students will have to attempt any 2 out of the given 3 sub-questions.
(B) This Question will have 3 sub-questions, each carrying four marks.

Students will have to attempt any 2 out of the given 3 sub-questions.

(12 Marks)

(14 Marks)

(14 Marks)

Distribution of Marks According to Type of Questions

Type of Questions Marks with option Percentage (%)
Short Answers 24 32 30
Brief Answers 24 36 30
Detailed Answers 32 48 40
Total 80 116 100
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Introduction (Revision)

In this chapter, we will discuss continuity of a function which is closely related to the concept of limits. There are

some functions for which graph is continuous while there are others for which this is not the case.

Limit of a function:

A function f(x) is said to have a limit / as x tends to ‘a’ if for every € > 0, we can find a positive number & such

that,
|f(x) —Z| < € whenever 0 < |[x —a| <39,

If lim f(x)= lim f(x),

x—at x—a

then the common value is lim f (x).

X—a
Algebra of limits:

If f(x) and g(x) are any two functions,

i, lim [f(x) + g)] = lim f(x) + lim g(x)

fii.  lim [fr)-g()] = lim f(x)- lim g(x)

V. lim [k.f(x)] =k- lim f(x), where k is a constant.
X—a

Xx—a

vii.  lim §/f(x) = \/ lim f(x)
X—a xX—a

X . lim g(x)

ix. lim [fx)]E¥= [limf (x)}ﬂ
x—a x—a

Limits of Algebraic functions:

1. limx=a
xX—a

iii.  lim k =Xk, where k is a constant.
xX—a

v.  IfP(x) is a polynomial, then lim P(x) =P(a)
X—a

Limits of Trigonometric functions:
sin x

1. lim =1=lim —
x—0 X x-0 SN x
.o -1
. sin” x .
m. lim =1=lim —
x—0 X -0 §In X
sin x° s
V. | = —
x—0 X 18
.. . sinkx
vil.  lim =k
x—0 X
1 1
sin| — tan| —
. . X . X
iX. lim =1= lim
X—>00 1 X—>00 1
X X

Vi.

viii.

il.

iv.

1.

<

ii.

1v.

Vi.

viii.

lim [f(x) — g(¥)] = lim f(x) — lim g(x)

lim f
nm{f(")} '
g(x)

- , where lim g(x) # 0
lim g(x) x—a
xX—a

xX—a

ty (op= [ tco |

lim log[f(x)] = log [ lim f (x)}

lim x"=a"
x—a
lim {x=4a
x—a
n n
. x"—a 1
lim =na"
Xx—a x —_— a
. tanx .
lim =1=lim
x—0 X x>0 tan x
-1
. tan x .
lim =1=lim —
x—0 X x>0 tan  x

lim cosx=1

x—0

. sinx . COSX

lim = lim =0
X—>00 x X—>0 x

. sin(x-—a . tan(x-—a
i Sn(x=a) . tan(x-a)
Xx—a xX—a xX—a xX—a
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Limits of Exponential functions:

. . -1 .. . -1
L lim =loga, (a>0) 11. lim < =1
x—0 X x>0 X
l X amY _ 1
iii. lim (1+x)*=e= lim [1 + —j iv.  lim =m log a=log a™
x—0 X—o X x—0 X

Limits of Logarithmic functions:

log(1 1 1
i gimoeU) i, limm=logae,a>0,a¢1
x—0 X x—0 X
1 —
i, lim log(1-x) _ 1
x—0 X

Continuity of a function at a point

Left Hand Limit:

lim f(x) denotes the limit of f(x) when ‘x” approaches to ‘a’ through values less than ‘a’.

x—>a

LH.L. = lim f(x) = limf(x) =lim f(a — h), (h >0) ....[Left hand limit]

x—a
x<a

Right Hand Limit:

lim f(x) denotes the limit of f(x) when ‘x’ approaches to ‘a’ through values greater than ‘a’.

X—> a+

R.H.L. = lim f(x) = imf (x) = 111]% f(a + h), (h > 0) ...[Right hand limit] |————————————— =
x—a’ ;;): Y
lim f(x) and lim+ f(x) are not always equal.
o o . . . y = f(x)
lim f(x) exists, if and only if lim f(x)= lim f(x)i.e., L.H.L. = R.H.L. :
X—a x—>a x—>a® H

Graphically, this can be shown as given in the adjoining figure.

A

f(a)
Function f'is said to be continuous at x = a, if:
1. f(a) exists < »X
.. . . (0] x=a
ii. lim f(x) exists |y
iii.  lim f(x) exists

x—a

iv.  lim f(x) = lim f(x) = f(a)

Discontinuity of a Function

f1s said to be discontinuous at x = a, if it iS not continuous at x = a.
The discontinuity may be due to any of the following reasons:

1. lim f(x) or lim f(x) or both may not exist.
ii. lim f(x) and lim f(x) both exist but are not equal.

i.  lim f(x) and lim f(x) exist and are equal but both may not be equal to f(c).

X—C
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Consider the function defined by | Y |
fx)=1for1 <x<2=2for2<x<3 : Il :
Here, f(x) is defined at every point in [1, 3]. : 34 :
Graph of this function is as shown adjacently. I |
Left hand limit at x = 2 and value of f(x) at x =2 are both equal to 1. : 2+ o—e :
But right hand limit at x = 2 equals 2, which does not coincides with I I
the common value of the left hand limit and f(2). : It &— :
Again, we can not draw the continuous (without break) graph at x = 2. : X' . X :
Hence, we say that the function f(x) is not continuous at x = 2. | 0 1 2 3 4 |
Here, we say that f(x) is discontinuous at x = 2 and x = 2 is the point : v :

| |

of discontinuity. D S 4

Types of Discontinuity:
i Removable discontinuity:
A real valued function f'is said to have a removable discontinuity at x = c in its domain, if lim f(x) exists but

lim f(x) # f(c)
ie., if lim f(x)= lin}r f(x) = f(¢)

Eg.
Consider the following function,
x*—16

fx) = ,x#4

=5 ,x=4
Here f(4) =5

2 _ —4)(x+4

lim f0) = lim =10 = fjy FZDO+D)
x—4 =4 x—4 x—4 (x_4)
~lim x+4=4+4-82f(4)

fis discontinuous at x = 4.

Now, let us find why f(x) is discontinuous at x = 4.
In the above function 1in} f(x) exist, but is not equal to f(4) since f(4) = 5.

This value of f (4) is just arbitrarily defined.
Suppose, we redefine f(x) as follows:

2

flx) = x —16

=8 , x=4
Then f(x) becomes continuous at x = 4.
The discontinuity of f has been removed by redefining the function suitably. Note that we have not
appreciably changed the function but redefined it by changing its value at one point only. Such a
discontinuity is called a removable discontinuity.
This type of discontinuity can be removed by redefining function f(x) at x = ¢ such that f(c) = ligcl f(x).

,X#4

ii.  Irremovable discontinuity:
A real valued function f is said to have an irremovable discontinuity at x = c¢ in its domain, if
lim f(x) = lim f(x)
i.e., if lim f(x) does not exist.

Such function cannot be redefined to make it continuous.
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1.

Examine the continuity of the following functions at given points

i.

ii.

ii.

iv.

vi.

vii.

viii.

ix.

xi.

Sx _ ,2x
() = =
sin3x
=1,
fx) = log100 + log (0.01 + x) ,
3x
_ 100
3 9
x" -1
f(x)= ,
(x) 1
() = logx—log7’
x—17
=7,

ﬁ@=(1+2xﬁ,

=e,
10 +7° -14" -5*
f(x) = ,
1—cos 4x
_10
77

f(x) =sinx — cos x,

fx) = log(2+x)—log(2—x),
tan x
1-sinx
f(x) = 7
T
——Xx
(3]
=3,
fo) = ——,
| x|
f(x) =x,
=1-x,

forx=#0
} atx=0
forx=0
forx=0
} atx=0
forx=0
forx=1
atx=1
forx=1
forx=7
atx="17
forx=17
forx=0
atx =0
forx=0
forx=0
atx=0
forx=0
forx=0
atx =0
forx=10
forx=0
atx =0
forx=10
for x # g
atx = T
2
for x = r
2

(where c is arbitrary

constant)

forx=0 atx=0
forx=10

for 0 <x< l
atx =

N | -

forle<1
2

[Oct 13]

[Mar 14]

[ Oct 15]
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x*-9

x=3’

=x+3,
x*-9

x+3°

xii. f(x)=

sin2x

Vv1—cos2x ’

CoSs x

f(x) =

xiii.

b
T—2x

1
er —1
1 b
e +1
=1,

xiv. f(x) =

2 3 n 2
v, f()= X+3x +5x" +..+(2n—-1)x" —n

(x-1)
_ n(n+1)(4n-1)
6 9

Solution:

I. f(0)=1 ....(given)
e2* (e3x _ 1)

sin3x

eSx _ e2x
lim f(x) = lim — = lim
x—0 x=0  gin3x x—0

3x
o2 (e l]
= lim —3x = 62(0)‘1

x>0 sin3x 1
3x
=¢’=1=1(0)
Since, !{1_{% f(x) = £(0), f is continuous at x = 0.

i f0)=20

....(given
3 (given)

log100 +1og(0.01+ x)

iy )~ iy

9

for0<x<3

for3<x<6 |y 2¥=3
andx=6
for6<x<9
for0<xsE
2 T
atx=5
f0r£<x<n
2
forx =0
| atx=0
for x=0
forx =1 )
| atx=1
forx=1

tim Sl o, fim S0 1}

x—0 X x—0 X

3x
log(100x0-01+100x) log(1+100x)
= lIm =Im-—-—m—--—-
x—0 3_x x—0 3x
_100 . log(1+100x)
3 a0 100x
= @(1) - lim log(l +X) :1:|
3 x—0 X
100
=— =1(0
;. 1O

Since, lin(} f(x) = £(0), f is continuous at x = 0.




Chapter 01: Continuity

iii. f(1)=n’ ....(given)
lim f(x) = lim 21
x—l e |
=n(1)" ! { lim 2 :n(a)nl}
x—=>a x—q
=n

Since, liIIll f(x) = f(1), fis discontinuous at x = 1.

iv. f(7)=7 ....(given)
lim f(x) = Tim 281087
x—7 x—7 x=7
Putx—-7=h,thenx=7+h,asx—>7,h—>0
h+7
log| ——
lim f(r) = lim 28D —log7 _ 4, )
x—7 h—0 h h—0 h
h h
. 10g(1+7j 1 1 10g(1+7j 1 10g(1+x)
=lim ———~ x — = = lim =—(1) ... lim
h30 (hj 7 7 >0 (h) 7 ¥50 X
7 7

Since, lin} f(x) = f(7), f is discontinuous at x = 7.
v. f0)=¢ ....(given)

1 1
lim f(x) = lim (1+2.x)~= lim {(1 + 2x)2)f}

1 2
= [1_in3(1+2x)3}
2 : .
=e { £1_r>13(1+x)x=e}
= 1f(0)
Since, ling f(x) = f(0), f is continuous at x = 0.
. 10 .
vi. f(0)= = ....(given)

X X _14% _&gX X X _gX _ AX X X 5)‘ 2X_1 _7x 2)‘_1
limf) = fim [T S 2SS T2 ( ) 2 (2°-1)
x>0 x>0 1-cos4x x>0 2sin” 2x x>0 2 sin”2x

(2 -1)(5"-7") (2-1) 55-1 71
N G T N T U T
= lim — = lim — = lim —
x>0 2 sin"2x x>0 2sin” 2x x50 4 sin” 2x
2 2% 2
X 4 x
2 1), 5 -1 . T -1 5
| 1 -1 h
(xlgg x ](xlgf} X w0 x J log2(log5—1log7) 10g2[10g7)
= = = 2 = = f(0)
. (sin2x 8(1) 8
8 lim
x—0 2x

Since, lirrol f(x) = £(0), fis discontinuous at x = 0.
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vii.  f(0)=-1 ....(given)
lin(}f(x) = lin(}(sinxf cos x) = 1irr01 sinx — lim cosx=sin0—cos 0=0-1=-1=1(0)

x—0

Since, lirrol f(x) = £(0), f is continuous at x = 0.

viii.  f(0)=1 ....(given)
log(2+x)—1log(2—
lim f(x) = lim og(2+x)~log(2-x)
x—0 x—0 tan x
2+x
log( j
. 2—x
= lim
=0 tan x
1+
log 1_)2c
= lim 2
x=0 tan x
10g(1+;)—10g[1—xj
= lim
x>0 tan x
log(1+xj—log(l—xj
2
= lim X
x—0 tan x
X

. tanx
lim
x—0 X
log 1+E log l—f
. 2 . 2
—lim——— +—-lim—————%
2 x>0 X 2 x>0 —X
1
1 1 . log(1+x)
=—(H+—=-(1 e Im—————==1
HORSO [ lim =5

=1
Since, lirrol f(x) = £(0), f is continuous at x = 0.

ix. f(ﬁj: 3 ....(given)
2
lim ) = lim 50X
xai x—>E E _ xj
2
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Xi.

Xii.

Put L —x=h, thenasx—)%,h—)O

hrn f(x) = hm e lim — 3 lim

X—)* 7h2

2
= l ¢f(£j
2 2

Since, lirrg f(x) = f ( j fis discontinuous at x = — .
=3 2
f(x) = | | ....(given)
Thus, |x| =x,ifx >0 =-x, ifx—>0
f(x) = | | =1,ifx>0 =-1,ifx >0
Now, lim f(x) = lim (-1)=-1
x—>0" x—0"
and hm fx) = hm (H=1
x0T x>0t
Since, lim f(x) # lim f(x), fis discontinuous at x = 0.
x>0 x0T

f(l)=l—x=l——=l
2 2 2

lim f(x) = lim x= —
ol 2
2 ]

1 1
Iim fx)=1lm (1 —x)=1—-——= —
o (x) Hf (I-x) )
2 2
Since, lim f(x) = lim f(x) =f (%) f is continuous at x =
- +
XHE XHE

Case 1:
Whenx=3,f3)=x+3=3+3=6
2

lim f(x) = lim (x ‘39j= lim (x+3)=6

x—3" x—3 - X3
lim f(x)=1lim (x +3)=6
3" 3"

Since, lim f(x) = lim f(x) = f(3), f is continuous at x = 3.

x—>3 x—3

Case 2:
x2-9

When x =6, {(6) = =x—-3=6-3=3
x+3

lim f() = lim (x+3)=6+3 =9

x—6 x—6

X2 -9
lim f(x) = lim ( j: lim (x—3)=6-3=3
x—6" x—6T \ X+ x—6"

Since, lim f(x) = 11m f(x) # f(6) , f is discontinuous at x =

x—6 x—6

1-sin| = —h QSmZE
2 4. l-cosh . 2
——= 2 =lim = lim——= =

l\)l»—

6.
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=0

sin?2 Ll
(nj sin2x 2 sinm 0
xiii. f| —|= = = = =

0
2) J1—cos2x - \/1—0052(7;) - Jl—cosm - \/1—(—1) ﬁ

lim f(x) = lim _SIN2X iy ZSIMXCOSY e cosx = 2 (0) =0

LE o2 Nl—cos2x w7 \2sin’x x>

2
COS X

lim f(x) = lim
. ok T 2x
2

Putx=g+h,thenasx—> g,h—>0

T
—+h
. . cos[z j_. —sinh __ I(sinh) _ 1(, sinh) 1 .. 1
lim f(x)= lim = lim = lim — = —| lim =—(1)==
o 550 (n J >0 g—m—2h 1020 h 250 h 2 2
e n—-2| —+h
2
Since, lim f(x) = lim f(x);tf(g) , fis discontinuous at x = g
- -
xiv. f(0)=1 ....(given)
1
. _.oer -1
lim flx) = lim ——
e* +1

1 S B, .t
As x>0, —— — oo, thuse* > e "= —ie, e"> — ie, e’ >0
X c o0
1

e -1 _0-1

: =_ " =_
x—0 = 0+1

e +1

1 1

1 - . - .
Also, asx > 0", —— + oo, thuse* — e~ i.e.,e* —> © ie., —|—0
x —

eX
1
' =
x _1 x 1_
lim &L = et =120
x—0T = 1. 1+0
er+1 = 1
I+ —
eX
Since, lim f(x) # lim f(x), fis discontinuous at x = 0.
x>0~ x>0t
xv. f(1)= w ....(given)
) ) x+3xz+5x3+....+(2n—1)x“—n2
lim f(x) = lim
x—1 x—1 (X—l)
; [x+3x° 458 + ..+ (2n=1)x" |-[1+3+5+...+(2n-1)] n
= lim
x—1 (x_l) r=1

10

Z(2r—1) =r’
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[(x=1)+3(x" =1)+5(x* =1)+ ..+ (20 =1)(x" =1) |

= 1

= (x-1)

1 3(x-1) 5(x -1 "

=1im{x 1+ (x )+ (x )+....+(2n—1)(x )}

Wl x—1 x—1 x—1 x—1

2 3 n

— lim 1+3 {lim al _l}rS(lim al _1]+....+(2n—1) (limx _1]

x—1 x—1 x—l x—1 x—l x—>1 x—l

—1+3(2)+5@3) + ...+ (2n - 1)(n)

S |
oo | lim =n
|: x—l X—l :|

- rznll(Zr—l)r= (2 -r)=23r —Z“:r=2-%(n+l)(2n+l)—%(n+1)

r=1 r=1 r=1

_ g(nH)E(an)_q: 2(n 1)

Since, lirrll f(x) = (1), f is continuous at x = 1.

(4n+2-3)

. %(n+l)(4n—l)

Find the value of k, so that the function f(x) is continuous at the indicated point

(e""—l)sinkx
i f)=—7F—, for x = 0
X atx=0
=4, for x=0
ii. f(x)=i forx;tO}
=Kk, forx=10
iii.  f)=|x-3|, for x = 3
atx=3
=Kk, for x=3
iv. f(x)=x*+1, for x>0
5 atx=10
=2+x" +1+K, forx<0
1-cos 4
v )= — 2% for x <0
X
=Kk, for x=0 } atx=0
S C for x>0
16+x —4
vi.  fg = gtk for x = 0
sin x atx=0
=5, for x=0
vii. f(x)=8x_2 , for x = 0
k*-1 } atx=0
=2, forx =0
viii. f(x) =k (x* - 2), forx<0
atx=0
=4x+1, forx>0

11
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ix. f(x)= (sec’ x)°°‘2" , for x = 0
=Kk, forx=10 } atx=0
x. f(x)= M, for x = r
n—3x 3 o
atx = E
=Kk, for x = r
3
Solution:
I. f(0)=4 ....(given)

il.

iil.

1v.

Since, f(x) is continuous at x =0

ky . ke . ke .
f(0) =lim f(x) = 1imw: lim(e ljkx(smkxjk =K (ﬁme 1) (nmSH’kx)
x—0 x>0 X x—0 kx kx =0 kx x>0 kx

=KD =K’

f0) =k’ 4=k
k=+2
f(0)=k ....(given)

Since, f(x) is continuous at x =0

() )

f(0) = lim f(x) = lim> 3 = gim 213 X
x—0 sin x x—0 Sin x x—0 Sin x
X
[3' —1,(37 —1] (unf —1}{111%3 : —1] S
SO L Gl ) A G SV ¥ ) (ogd)+dogd) _ 5003
50 sin x . sinx 1
(llm j
X =0 x

k =2log 3 =log 3” =log 9

f3)=k ....(given)
Since, f(x) is continuous at x = 3
lim f(x)=1lim x-3|=lim-(x-3)=1lm —x+3=-3+3=0

erlil f(x) —Yl_l)m Ix — 3| —)i:r; x-3=3 Y3_)3 0
Smce lim f(x) = hm f(xxﬁ)3 f is continuous at x = 3.
Now, f(?) = £1£131 f(?) =0

k=0

Since, f(x) is continuous at x =0
lim f(x) = lim f(x)
x—0" x—0"

hm(zdx2+1+k)=1m109+1)
x—0" x—0"

2:0+1+k=0+1

2+k=1

k=1

f(0)=k ....(given)

Since, f(x) is continuous at x =0
lim f(x)= 11m f(x) = £(0)

x—0"

12



ﬁ Chapter 01: Continuity

)
Consider, f(0) = lim f(x) = lim ﬂ: lim 2s1n2 2x
x>0~ x—=0" X x—0" X
s 02 .2 . 2
w0 i x0" X x>0 X
4
f(0)=8
k=8
vi. f(0)=5 ....(given)

Since, f(x) is continuous at x =0

N log (1+kx) lim k.log (1+kx) k(lirrg log(llo-: kx)j |
£(0) =lim f(x) = lim —2~ = lim——= == kr =T = k(—) =k
250 ¥>0  sinx =0 sinx T ( i 510 x) 1
X x>0 x x=0  x
f(0)=k
k=5
vii.  f(0)=2 ....(given)
Since, f(x) is continuous at x =0
(87 -1)-(27-1)
£0) = lim fx) =lim 5—2 = fim S 1 =2 *1_ x
x—0 =0 k¥ -1 x—0 k=1 x>0 k¥ =1
X
2 20) [
—lim~* * /- *J AT
x>0 (k*—lj ( k*—lj
lim
X x—0 X
lo 8
_log8—log2 _ &2 _ log4 _log2® _ 2log2
logk logk logk logk logk
2log2 _ ’
logk
log 2 =logk
k=2
viii. Since, fis continuous at x = 0
: lim f(x)=lim f(x)
x—0" x—0"
lim k(x*—2)= lim 4x+1
x—0" x—0"
k(0-2)=4(0)+ 1
-2k=1
k = _l
2
ix. f(0)=k ....(given)
Since, f(x) is continuous at x =0
cotzx 13"12"‘ 1
f(0) = lim f() = lim (sec’x)” = lim (1+ tan’ x) =e [ lim (1-+ ) :e}

k=e

13
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X. f(ﬁj —k ....(given)
Since, f(x) is continuous at x = g

f(gj = lim f(x) = lim V3-tany

X x>t m— 3x
3 3

Putx=§+h,then,asx—>§,h—>0

i
f tan—+tanh
R — 3
+tanh
. 3 . 3 L 1-+/3tanh
= lim = lim = lim
h—0 T h—0 n—mn—3h h—0 —-3h
n—3| —+h

\/g(l—ﬁtanh)—(\/ngtanh) i \/5—3tanh—\/§—tanh: . —4tanh

— ~3h(1-+3tanh) s ~3h(1-+3tanh) 0 ~3h(1-+3tanh)

W

im 4 fanh _ 4 lim 1 (limtanhj: 4 1 (1) -
©03(1-3tanh) b 3(01-VBranh )0 ) 3] 1-43(0)

3. Discuss the continuity of the following functions, which of these functions have a removable
discontinuity? Redefine the function so as to remove the discontinuity.

sin(x? — x
i f(x) = ﬁ, forx=0 B
X atx=0
=2, forx=20
1- 3
i, f)= 80X for x = 0 _
x tan x atx=0
=9, forx= 0
(ez"—l)tanx
iii. fx)=-——, forx=0
xsinx atx=0
=e2, forx=10
. 1-sinx T
iv. fx)= —, for x = —
(n—Zx) 2 ]
at x=—
2 T 2
=—, forx= —
7 2
4x X
v. )= ——, for x = 0
6" -1 atx=0
=log (%), for x=10

14
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vii f(x)= 2 , forx = 0
atx=0
= 1, forx= 10
60
" (8" -1y .
vil. f(x)= in [- 1, 1] — {0};

b
sin x log (1 + :J

Define f(x) in [-1, 1] so that it becomes continuous at x = 0.

viii. f(x)=x-1, for1< x<2
atx=2
=2x+3, for2< x<3
Solution:
. f(0)=2 ....(given)

ii.

. 2 : 2 : 2
lim fo) = fim S0 =9 _ i SN =D oy 2 limsm(zx—x)x(x— D=1x(0-1)=-1
x—0 x—0 X x—0 x(x_l) x—0 (_x _x)
lim f(x) # £(0)

f is discontinuous at x = 0.
The discontinuity of f is removable and it can be made continuous by redefining the function as

sin(x2 - x)
f(x)= ———~, forx;ztO?r
X atx=0
=-1, forx=0
f(0)=9 ....(given)
2sin? 3—x
. 2 3x
.  1-cos3x_ . 2Sm R 2
lim f(x) = lim = lim = X
x—0 x—0 X tan X x—0 X tan X x—0 X tan X
x2
2
2sin® == x = sin 37x
lim— 2
9 5 2 x—0 37)( 5
1
i 4 _ 2 ) o) 9
x>0 tan x . tanx 21 2
lim
X x—0 X

lim f(x) = (0)

f is discontinuous at x = 0.
The discontinuity of f is removable and it can be made continuous by redefining the function as

f(x)=m, forx =0

xtanx atx=0

Do | o

forx=20

15
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iil.

1v.

f(0) =&’ ....(given)
(e’ —1).tanx
2x - 5
lim f(x) = lim(G.ﬂ: lim )?2
x—0 x—0 xsin x x—0 xXsmx
x2
2x
2e* 1) tanx 2[1ime _1][lim tanx]
] =0 2 ¥=0 2x1x1
lim f(x) = lim—2%X X - = e
0 =0 xsin x [ . smx] 1
5 lim
X =0 x

lim f(x) # f(0)

fis discontinuous at x = 0.

The discontinuity of f is removable and it can be made continuous by redefining the function as

(ezx - 1) tan x

fx)= —F+—— for)c;«é0i|r
xsinx atx=20
=2 forx=20
T 2

fl—|== ....(glven

[2] p (given)

. . l—sinx ) ]1—sinx

lim f(x) = lim > = lim >

xoE =i (m—2x)° =5 (o ]
2l ——x

2

PutE—x=h,thenx= E—h
2 2

Asx—)% ,h—0

1—sin|=—h
. . 2 . 1l—cosh . l—cosh 1+cosh .. 1—cos’h
lim f(x) = lim 5 = lim — = lim — X = lim ————
P =0 (2h) h~0  4h h—0  4h l+cosh b0 4h?(1+cosh)
sin’h 1(,. sinhY 1 1 , 1 1
= lim ——— = = —|lim X — = —x(1)x — =~
>0 4h*(1+cosh)  4\h~0 h lim(1+cosh) 4 1+1 8

lim f(x) # f g

x—

2

f is discontinuous at x =

T
2
The discontinuity of f is removable and it can be made continuous by redefining the function as

1-sinx

16
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V. f(0) = log (%) ....(given)
i @4 -D—(e" -1
lim f(0) = lim ——S = jm 2 212 Ly x
x—0 x—0 x—0 6" —1 x>0 6" -1
X
4 -1 e' -1 ¥ — . e’ -1
— lim —Ilim
_ hm X X x—0 X x—0 X
>0 6" —1 . 6" —1
lim
X x—0 X
lo 4
_ log4-loge _ 8 e
log6 log6
ling f(x) = (0)

V1.

Vil.

f is discontinuous at x = 0.
The discontinuity of f is removable and it can be made continuous by redefining the function as

f) = 4x_e , forx#0
6 -1 o
2)
log| —
- = ) forx=0
log6
f(0) = = (given)
60 CERRY g
e —1)sinx® 3w o
lim f(x) = lim %: lim[e lj(smx )
x—0 x—0 X Y50 x ¥
. T .
eSx -1 Sln% P e3x -1 T Sln@ .
= lim 3 | —180 1 T = 3] lim x—. | lim—% | =3log e x— (1)
x—0 3x K 180 =0 3x 180 | x>0 X 180
180 180
Emfi) =3 x 1 x — = -
x—0 180 60

Since, liné f(x) = £(0), f is continuous at x = 0.
f(xx) will be continuous at all points in [ —1, 1] except where denominator is zero.

i.e., sinx. log (1+%)= 0

sinx=0 or log (1+§j =0

x=0 or 1+£=1
4
x=0 or £=O
4
x=0

17
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f(x) is continuous in [-1, 1] — {0}
Now, for f(x) to be continuous in [—1, 1] including x = 0,
f(0) = ling f(x)

2 (8" -1y’
(8-1) 2
f(0) = lim = lim X
 sin log(1+xj ™ sinx log(l+xj
X. 4 . 4
x2
2 2
. [ 8 -1 . 8 -1
lim lim ,
_ x—0 X _ x>0 x _ (log 8)
. 10g(1+xj , log(l+xj (1).1.(1)
. (sinx) .. 4 . (sinx) .. 4 4
11m[ j.hm hm( j lim
x—0 X x>0 X x>0 X x>0

4><f
4

f(0) =4 (log 8)’
f(x) can be made continuous in [-1,1] including x = 0, as

X _1\2
f(x) = & -1 , forx e [-1, 1] —{0}
sinx.log(lerJ
4
=4 (log 8)° , forx=0

viii. fQ)=x-1=2-1=1
lim f(x)= lm x-1)=2-1=1

x—>2" x—>2"

lim f(x)= lim 2x+3)=2(2)+3=7

x—2" x—2"

Since lim f(x) # lim f(x), ling f(x) does not exist.
x—2" o2t x=

f is discontinuous at x = 2 and this discontinuity is irremovable.

2

4. i. If f(x) = ﬂ, for x = 0 is continuous at x = 0, find f(0).
X
. 1—cos[7(x —=)] . .
ii. Iff(x)= 5 , for x # m is continuous at x = &, find (7).
S(x — n)
iii. Iff(x)= L:smx , for x ¢E is continuous at x = ki , find f [E .
cos” x 2 2 2

sinx __ 1
iv.  If the function f(x) = u , for x = 0 is continuous at x = 0, find £(0).
xlog (1+2x)

1—si
v. Iff(x)= ixz , for x # kid is continuous at x = ki , find f [El .
T— 2x) 2 2 2
1-t
vii Iff)= —— Y forx = = is continuous at x= -, find f(f).
1-+/2sinx 4 4 4
. 4x _ 2x+1 + 1 . .
vii. Iff(x)= —, for x = 0 is continuous at x = 0, find f(0).
1-cosx
1-+/3t
viii, If f(x) = M for x = = is continuous at x = —, find f{ = |.
—6x 6 6 6

18
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Solution:
1. f 1s continuous at x = 0.
2 2 2
T - 1= +1 -1 1-
f(0) = lim f(x) = lim “—— " = lim "= [im [e — Cf”]
x—0 x—0 X x—0 X x—0 X X
2
ex2 _ 2sinzi sinE 1 1
= lim —— + lim 2 _Joge+— lim —loge+ — (1 =1+ —
x>0 X =0 &0 x>0 X 2 2
4 2
3
f(0)= =
(0) 5
1. f is continuous at x = .
l-cos|7(x—m
f(m) = lim f(x) = lim [ ( 5 )]
X—T X1 S(X_TE)
Putx—-n=h,asx—>mn,h—0
2sin’ 7h sin’ 7h sin 7h 2
. 1—cos7h . 2] 2. 2 7V 2] 49 2 , 49
f(n) =lim———— = lim————~ = — lim———*x| — | = —(lim X—==x(1)"x —
=0 5h =0 5h 510 (7h 2) 50 [7h] 4 5 4
B3 2
49
fTE = —_—
(™) 10
. . o
ii.  fis continuous at x = E

T . . N2 —1+sinx . 2 —l+sinx 2+ +sinx
f|—| = lim f(x) = lim ————— = lim > X
2 Hg x_>g cos” x x—T cos” x \/5+\/1+sinx

—(1+si
im2 (1+sinx) 1

-1 cos’x * [\/5+«/1+sinx]

Put r —x=h, thenx= E—h
2 2

=1

Asx—)%,h—)O

T 1—sin ;—hj 1
- i
0052(2_11} l:\/EJr /1+sin(n—hﬂ
2
1-cosh 1 . 1-cosh 1
= lim—— X = lim —— X
h>0 sin”h [\/5+1/1+cosh] h>0 1 —cos”h [\/5+w/1+cosh]
~ lim 1-cosh _ 1 _ 1
"‘—’0(1—cosh)(l+cosh)[\/§+1/1+cosh] (1+cos0)[\/§+\/1+cos0} (1+1){\/5+\/§]

T 1

B

19
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iv.  fis continuous at x = 0.

. 2 . 2
sinx 451nx_1 s 2 sinx . 2
(4 1) (421) [ : J S (ﬁng“ , lxlirr(}smx]
- sin x X =0 sinx 0 x
f(0) = hm f(x)= hm - 7 =lim—2  _ =lim =
>0 xlog(1+2x) =0 x-log(1+2x) x>0 log(1+ZX)X2 21imlog(l+236)
x> 2x x>0 2x
(log4)’
f(0) =
(0) 5
. ) i
V. f is continuous at x = 5
1—sinx . 1-sinx
f = lim f(x) =lim ———= lIm——
x%f r%i (n—zx) x—>72[|: (TE j:|
2l = —x
2
Put E—x=h,thenx= T n
2 2
i
Asx—>—,h—>0
2
1—sin E—h
T . 2 . 1-cosh . l-cosh 1+cosh . 1—cos*h
fl = |= Im——————==lim — = lim — X = lim
2) h—o (Zh) -0 4h -0 4h I+cosh >0 4h?(1+cosh)
. sin” h 1 sinh 1 1 1 1 1
=lim ————— = — | lim X — = xlx — =="x=
h—0 4h (1+cos h) 4 (>0 h Llrr(}(lJrcosh) 4 1+1 4 2

)3

vi. fis continuous at x = g .
- sin x €OS x —sinx \/,
f[ )_ lim f0x) = tim I-tanx _ . cosx _ pi _ cosx _, 1+y2sinx
4 "_’Z x_ﬂf 1- \/Esmx V_,f 1-+/2 sinx x—)% 1—\/§sinx 1+\/5s1nx
(cosx—smx)(1+\/ismx) (cosx—sinx)(1+\/§sinx)
= lim — = lim S — —
. (cosx)(1—2sm x) x_%(cosx)(cos x+sin’x —2sin x)
(cosx—sinx)(1+\/§sinx) (cosx—sinx)(1+\/§sinx)
=1 =1
;_,12 (cosx)(0052 x—sin> x) xl_,n% (cosx)(cosx+sinx)(cosx—sinx)
: (l+\/§sinx) o x == cosx—sinx -0
= lim 4

T (cosx)(cosx+sinx) oS —sinx %0

lir171[(1+x/§sinx) 1+\/§><
=y _
lim (cos x ) (cos x +sin x) 1 ( 1

1+1

~[S-

.r—)z \/5

ﬁ+ﬁj ﬁ(éj

20
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vili. fis continuous at x = 0.
2 2
X _nx+l 2°) =22 +1 2" —1
f0) = Tim f(x) = lim ——2*1_ @) 22t (S
x—0 x—0 1—cosx x—0 1—cosx x—0 i 2’ X
sin® =
2
. [ 4= (2% "= (2" interchanging of exponential power]
2 1Y 2 1Y
@ -1 (lim - j (lim - ) i
:hm x2 x—0 X _ x—0 X : _ (log 2)
0 o L o X .2 X x |
2sin” — 2sin” — sin> —(I)
p lim——2 L2 2
X x>0 4y’ 2| x>0 x
4 2
£(0) = 2(log 2)*
o1
viil. f'is continuous at x = g
£ 2] = lim f(x) = lim 1-3tanx
6 X—>— X—>— ™ — 6X
6 6
Putx = EJrh, asx — E,h—)O
6 6
1- \/g tan (n + hj
lim f(x) = }}ng
% T— 6( + hj
6
tan~ + tanh L+tanh
1 _ \/5 1 _ \/5 \/517
l—tanEtanh l—ﬁtanh
= lim lim
h—0 n—7n—6h h—0 —6h
l—j_tanh—l—ﬁtanh ( \/l—— 3jtanh —itanh
~ fim — 3 = im ~3 ~fim 3
" —6h(1—1tath e 6h(1—tanh) e —6h(1—1tanhj
N&) 3
_ i 2 (‘[alnhj>< ( tanhj 1
h—0 3\/5 h - l tanh 3 3 bog (1 —ltanhj
haO \/5
2 1
(1)
33 b
1-—=(0)
V3
f(ﬁj -2
6) 33
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5.

i.

ii.

iii.

iv.

vi.

vii.

viii.

If f(x) =x* + o, for x>0

= 2Jx? +1+B, for x<0

and f (%J =2, is continuous at x =0, find a and .

in4
If foo) = 202X g for x>0
=x+4-b, forx<0
=1, forx=0

is continuous at x = 0, find a and b.

sin tx

If f(x) = 1 + a, forx<1
=2, forx=1
J’_
= “Lw: + b, forx>1
n(l—Xx)
is continuous at x =1, find a and b.
2
)= > +q, for x >3
=5, forx=3
=27+ 3x + B, for x <3
is continuous at x = 3, then find o and .
If f(x) is defined by
f(x) = sin 2x, if x < %
=ax+h, ifx> 2~
6
Find the values of a and b, if f(x) and f'(x) are continuous at x = %
Find the value of a and b such that the function defined by
f(x) =5, ifx<2
=ax+bh, if2<x<10
=21, ifx>10

is continuous on at x =2 as well as x = 10.

Find Kk, so that the function f(x) is continuous at x = 1, where

f(x) = kx?, forx>1
=4, forx<1
Determine the values of a, b, ¢ for which the function defined by
sin(a+ 1)x+ sin x
f(x) = , forx <0
X
=c, forx=10

1 1
(x+bx2)2 —x?
. , forx>0

2

bx
is continuous at x = 0.

[Oct 15]
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Solution:

I

ii.

B-

and f(x) =x* + a, for x > 0

f[lj = lim f(x) = lim x* + o = 1 +a
2 1 1 4

x%E x%E
2=l +a
4
8-1
o= -—
4
7
o= —
4

Also, f(x) is continuous at x = 0
lim f(x) = lim f(x) = f(0)
x—>0" x—0"

lim 2+/x* +1+B = lim x* +a

x—>0" x—0"
2\/0+1+B=0+%
1
=
7 1
o=—andfB=——
4 P 4

f(x) is continuous at x = 0.
lim f(x) = f(0)

x>0~

limx+4-b=1

x>0~
0+4-b=1

b=3

Also, lirg f(x) = £(0)
lim sin4x

x—>0" X

. 4 (sindx
Iim — +a=1
x—0" 5 4X

4 lim (Sm“x] +a=1

+a=1

4x

4
5
a= 1—i=l
5 5
1
a=—andb=3
5

....(given)

....(given)

....(given)
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W ™

1il.

f(1)=2n
As function is continuous at x = 1
lim f(x) = (1)

x—1"
lim [
x—1"
Putx—1=h,thenx=1+h
Asx—>1,h—>0
sint(1+h)
4+ a=

sin mx

+a|=2n

X —

lim 21
h—0

. sin(m + wh
lim ¥ +a=2x
h—0

. —sin wh

lim & +a=2n
h—0 nh
—-T+a=2mn
a=3xn

Similarly, lim f(x) = (1)
x>t

1+ cosmx
n(x —1)°
Putx—1=h,thenx=h+1
Asx—>1,h—>0

. 1+cosn(l1+h)
m———"" )

lim

xo1t

+b]:2n

li > +b=2n
h—0 T[h
_ 1+cos(m+mh)
111’1’1 —2 + b = ZTC
h—0 nh
lim ‘[—1 —coSTh || = 2n
h—0 T[h
— +
lim 1 cosnhxl cos th tbl= 2
h—0 mth 1+ cosnh
_ 2
im 12 cos” h bl=2n
h—0| th°(1+ cosmh)
22
: sin” wh b= 2
h—0 | gh*(1+ costh)
. 2
fim (S0 T pl=on
h—0 nth 1+cosnh
_ (sinmh )’ 1
7 lim - =27
h—0 { 7th 1Pn%(l + cosh)

1
(1Y x — +b=2x
1) 1+1

L iv=0n

2

b=2n—E
2

....(given)
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1v.

="
2
a=3mand b= 3
2
f(x) is continuous at x = 3 ....(given)
f(3) = lim f(x)= lim 2x*+3x+ P
x—-37 x—-37

5=23)+33)+p=18+9+p
B=-22
f(3)= lim f(x)

x—3

2
5= 1im X2 +a=lim S 4 im 3 +a=(B+3)+a
xs3t x=3 x—37 (x—3) x—37
5=6+ta
a=-1
oa=-1,p=-22
f (x) is continuous at x = % ....(given)
lim f(x) = lim f(x) = f(%j .0
- .
Now, lim f(x) = lim sin 2x = sin 2~ =sin & = 3> —¢[ X
s >t 6 302 6

6

and lim f(x)= lim (ax+b)= a(%j +b

ks =
x—>=
6 6

from (i), a[gj +b= g ...(i)

We have, f'(x) =2 cos 2x, ifx< % =a(l)+0, ifx> %

Now, f'(x) is continuous at x = % ....(given)
lim £'(x) = lim '(x)={" [gj ...(iii)
x%g x%g

xﬁg x—>g

and lim f'(x)=lima=a
nt T
x> %

from (iii), l =aie.,a=1

Now, from (ii), = (1) +b = V3
6 2

b= g a=landb= -

o V3o
6 2 6
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Vi.

Vii.

Viii.

f(x) is continuous at x =2 ....(given)
lim f(x)= lim f(x)
x—>2" x—2t

lim 5= lim ax+b

x—27 x—2*

2a+b=5 (1)

f(x) is continuous at x = 10 ....(given)
lim f(x)= lim f(x)

x—=10~ x—>107

lim ax+b= lim 21

x—10~ x—>107"

10a+b=21 ....(ih)
Subtracting (i) from (ii), we get

a=2

Putting a = 2 in (i), we get

b=1

a=2andb=1

f(x) is continuous at x = 1 ....(given)
lim f(x) = lim f(x)

x—1 x>1F

4= lim ki

xo1t
4=%k(1)
k=4

f(x) is continuous atx =0 ....(given)
lim f(x) = f(0)

x>0~

. sin(a+1)x+sinx
lim =c
x>0~ X

. sin(a+Dx .. sinx
lim ¥+ lim =c
x>0~ X x—0" X

sin(a+l)x + lim sin x _

a+1) lim
( ) x>0~ (a+1)x x—=0" X
atl+1=c

at2=c ....(1)

Also, lim+ f(x) = £(0)

x—0

1 1
(x+bx?)2—(x)2
m 1 =c
bx?

1 1
x2 {(1+bx)2 —1}
A1+b(0) -1
lim 1 =C L: C
x—0" bxg b

x>0t

0

c=0andb=0

Putting the value of ¢ in (i), we get
a=-2
Hence,a=-2,b20,c=0
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Algebra of Continuous Functions

If f(x) and g(x) are two real valued functions continuous at x = c, then
L. The function k-f(x) is continuous at x = ¢, where k € R.

ii.  The function f(x) + g(x) is continuous at x = c.

iii.  The function f(x) — g(x) is continuous at x = ¢

iv.  The function f(x)-g(x) is continuous at x = c.

V. The function % is continuous at x = ¢, (where g(c) = 0)
g(x

vi.  Composition of two continuous functions is always continuous function.

Continuity in an Interval

A real valued function ‘f” is said to be continuous in an interval if it is continuous at every point of the interval. A
function which is continuous at the entire real line (— oo, o) is said to be continuous every where.

Continuity in the domain of the function

A real valued function f: D — R is said to be a continuous function if it is continuous at every point in the domain
D of the function f.

Eg.
The functions f(x) = sin x and g(x) = cos x are continuous in every domain D, where D < R.

Continuity of some standard functions

i. Constant function:

If f(x) =k, x € R and k be a fixed real number (constant), then f is called the constant function. This
constant function f is continuous in its domain R.

ii.  Polynomial function:

If f(x) =ap + a;x + ax® +... + ax", where neW and ay, a;, as, ...., a, € R, x € R, then f is said to be a
polynomial function. fis continuous in its domain R.

iii. Rational function:

f(x)

If f(x) and g(x) are two polynomial functions, then? , g(x) # 0 is called a rational function. This rational
g(x

function is continuous for all x € R except for which g(x) = 0.

iv.  Trigonometric function:
a. sin x and cos x are continuous for all x € R.
b.  Tangent, cotangent, secant and cosecant functions are continuous on their respective domains.

v.  Exponential function:
Iff(x)=a",a>0,a#1andx € R then fis called as an exponential function.
This function is continuous for all x € R.

vi.  Logarithmic function:
If f(x) = log, x,a>0,a# 1 and x € R then fis called logarithmic function.

This function is continuous at every positive real number i.e., for all x € R", where R" = set of positive real
numbers.
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1. i If f(x) is continuous on [0, 8], defined as

f(x) =x*+ax+6, for 0 <x<2
=3x+2, for2<x<4
=2ax + Sb, ford<x<8

Find a and b.

ii.  If f(x) is continuous on [0, 7], where
fx)=x+ a\/zsinx, forOSx<§
=2xcotx+h, forESxSE
4 2
. T
=acos 2x — b sin x forE<x£n
Find a and b.
iii. Find o and B, so that the function f(x) defined by
f(x) = =2 sin x, for -m<x < —g
=aSinx+ﬁ, for_£<x<£
2 2
T
= CoS X, forESxSn

is continuous on [-7, 7].

iv.  If the function f(x), is continuous in [0, 3] where

f(x)=3x -4, for0<x<2
=2x +K, for2<x<3
Find the value of constant k.
*+3x+5
v. Iff(x)= X raxes . Discuss the continuity of f(x) on [0, 5].

x*=3x+2
vi.  Discuss the continuity of the function log. x where ¢ > 0, x > 0.
vii. If function f(x) is continuous in interval [-2, 2], find the value of (a + b) where

fooy = 20 _ 5 for—2<x<0
=2x+1, for0<x<1
=2b Vx?+3-1, for 1 <x<2 [Mar 14]
x+1

viii. Test the continuity of function f(x) = in the interval [0, 1] and [4, 6].

(x—2)(x—5)

ix. Discuss the continuity of the function f(x) in its domain if f(x) is defined by

f(x) =x, forx>0
= xz, for x <0
Solution:
. As function is continuous on [0, 8], it is continuous at x = 2
: lim f(x) = lim f(x)
x—2" x—27T
lim (x* + ax + 6) = lirri (Bx+2)
x—2" x—2

(2 +2a+6=3(2)+2
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ii.

4+2a+6=8

2a=-2

a=-1

Also function is continuous at x =4

lim f(x) = lim f(x)
x—4" +

x—4

lim (3x+2)= lim (2ax+ 5b)

x—4" x—4
3(4) +2=2(4)a+ 5b
8a+5b=14 ....(1)
Putting the value of a in (i), we get
b= 22
5

a=-land b= %

As function is continuous on [0, 1], it is continuous at x =

A

. . _m
hr? fx) = hffi f(x)="1 (4}
X0y xX—

lim (x+ a+/2 sin x)= lim+ (2x cotx +b)

X—— X——

4 4

(D)

Also function is continuous at x =

v a

. L T
1121_ f(x) = 111:}r fx)=f (Ej
xHE X**E

lim (2x cotx +b) = lirI}r (a cos 2x — b sin x)

X—— X——

23] on(5)roremef3) v 3)

m(0)+b=acos t—Dbsin (g}

0+b=(-1)a—Db(1)
a=-2b ....(ii)
Solving (i) and (ii), we get

T

12
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iil.

1v.

Putting the value of b in (ii), we get

. . . . yus
As function is continuous on [—7, 7], it is continuous at x = )

lim f(x) = lim+ f(x)

X——= x—— T

2 2
lim (-2sinx) = 1im+ (o sin x + )
xﬂfg x~>7%
—2sin —_n]: o sin —_n] +B
2 2
~2(-1) = a(-1) + B
—at+p=2 ....()
Also function is continuous at x = g
lim f(x) = lim+ f(x)
x—é% xe%
lim (asinx+f)= 1irr}r cos x
x—é% x~>%
o sin| = +B=cos§
at+tp=0 ....(i1)
Solving (i) and (ii), we get
o=-landpB=1

As function is continuous on [0, 3], it is continuous at x = 2
lim f(x) = lim f(x) =1f(2)
x—2" x—2"t

lim 3x—4= lim 2x+k

x—2" x—2"
3(2)-4=202)+k
6-4=4+k
k=-2

f(x) is a rational polynomial.

f(x) is continuous for all real values of x, except when its denominator becomes zero.
ie, x=3x+2=0

Since, x = 1 satisfies the above equation, (x — 1) is its factor.

By synthetic division, we get

x-DE*+x-2)=0

(=D +2)x-1)=0

(x-1’(x+2)=0

x=lorx=-2

But -2 ¢ [0, 5]

f(x) is continuous for all real values of x in [0, 5], except at x = 1.
Thus, f(x) is discontinuous at x = 1.
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Vi.

Vil.

Viil.

Let f(x) = log. x

Let a be any positive real number, then f(a) = log.a

Let L = lim [f(x) — f(a)]

Putx =a+h,thenasx —>a,h—>0

L = %gr(} [fa+h)—f(a)] = lhlgé [logC (a + h) —log, a]

~ lim| log, (“hﬂ - liml{logc (“hﬂxh
h—0 a h—0 K a

1
= lim 10gC[l+E)h xh = lim 1ogc(1+3j xh
a —>

h—0 a

= e
S =

= log, lim(l+£jh
h—0 a

=0
Thus, lim [f(x) - f()] =0

v (g}h) = [logc ez‘} (0)

f is continuous at x = a.

But, a is any positive real number.

f is continuous at all positive real number.

Thus, log.x where ¢ > 0, ¢ # 1, x > 0 is continuous.

As f(x) is continuous on [-2, 2], it is continuous at x = 0
lim f(x) = lim f(x)=1(0)
x—0" x—07

lim (Smax—zj — lim (2x+ 1)

x—0 X x—0
(hm Smaxj xa—2=2(0)+1
x—>0" ax
a—-2=1
a=3 ...(1)

Also function is continuous at x = 1.
lim f(x) = lim f(x) = f(1)
x—1" x—1t

lim 2x+1= lim (Zb\/x2+3—1)

x—1" x—1

2()+1=2b/1+3 -1

3=2b(2)-1

b=1 ....(i)
From (i) and (ii), we get

atb=3+1=4

Here, f is a rational function, which is the ratio of two polynomials.

f is continuous for all x € R in [0,1] except at those points where the denominator is zero.

Now, (x —2)(x =5)=0when x=2orx=5
But,2 ¢ [0, 1]and 5 ¢ [0,1].
x =2 and x = 5 are not points of discontinuity.
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f is continuous in [0,1].
However, 5 € [4, 6]
x =5 is a point of discontinuity in [4, 6].
Hence, fis continuous in [4, 6] except at x = 5
ix. f(x)=xforx>0.
Since f'is a linear function, fis continuous for all x > 0.
Also f(x) =x* forx <0
Since f'is a quadratic function, fis continuous for all x <0.

Now, f(0) =0
lim f(x) = lim =0
x—0" x—=

and lim f(x)= lim x=0
x—0" x—0"

lim f(x) = lim f(x) = f(0)

x—0"
Hence, fis continuous at x = 0.
Thus, fis continuous in its domain R.

2. i. Discuss the continuity of the following functions in its domain, where

f(x) =x*— 4, for 0 <x<2
=2x+3, for2<x<4
=x’-5, ford<x<6

ii.  Examine the continuity of f(x) on its domain where,
f(x)=;, for2<x<4
x+1
=x—|—1’ for4a<x<6
x—3
iii.  Discuss the continuity of function f(x) in its respective domain defined by

f(x) =3, if0<x<1
=4, ifl<x<3
=5, if3<x<10

Justify the answer with the help of graph.
iv.  Discuss the continuity of f(x) in its domain

f(x) = -2, ifx<-1
=2x, if-1<x<1
=2, ifx>1

v.  Examine the continuity of f(x) on its domain, where
f(x)=x+3, forx<-3
=-2x, for -3<x<3
=6x+2, forx>3
vi.  Find the value of a and b such that the function defined by

f(x) =5, forx<2
=ax+b, for2<x<10
=21, forx>10

is continuous in its domain.
vii. Show that the function defined by f(x) = sin (x*) is a continuous function.
viii. Show that f(x) =| (1 +x) +| x| | is continuous for all x € R.
ix.  Prove that the exponential function, a* is continuous at every point (where a > 0)
X.  Prove that sine function is continuous at every real number.
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Solution:

1.

il.

The domain of f is [0, 6].

For 0 <x <2, f(x) =x*— 4.

Since f is a polynomial function it is continuous in [0, 2].
For2 <x <4, f(x) =2x + 3.

Since f is a polynomial function it is continuous in (2, 4].
For4<x<6, f(x)=x*-5

Since f'is a polynomial function it is continuous in (4, 6].
f is continuous at every point in [0, 2] U [2, 4] U (4, 6]
Forx=2,f(x)=x*—4

f2)=(2)Y-4=0

lim f(x) = lim x* =4 =(2)’ —=4=0 lim f(x) = lim 2x+3=2(2)+3=7
x—0" x—0" x—0" x—0"

lim f(x) = lim f(x)

x—0" x—0"

f is discontinuous at x = 2
Forx=4, f(x)=2x+3
f(4)=24)+3=11

lim f(x)= lim 2x+3=2(4)+3=11 lim f(x) = lim x* ~5=(4)" -5=11
x4~ x4~ x—4* x4

lim f(x) = lim f(x) = f(4)

x—4" x4t

fis continuous at x = 4.
Hence, fis continuous at x = 4 and discontinuous at x = 2.

The domain of fis [2, 6].
For2 <x <4, f(x)= 1
x+1
Since, f is a rational function it is continuous for all x € R in [2, 4], except at those points where
denominator is zero.

Now, x + 1 =0 when x = -1
Since, —1 ¢ [2, 4], function f is continuous in [2, 4].

For4 <x <6, f(x)= x+l

Since, f is a rational function it is continuous for all x € R in (4, 6], except at those points where
denominator is zero.

Now, x —3=0whenx=3
Since, 3 ¢ (4, 6], function fis continuous in (4, 6]

For x = 4, f(x) = ——

x+1
_ 11

i) = (4)+1 5

1 11
lim f(x) = lim —— = =
Jim f() = lim =3 (4)+1 5
lim £(x) = tim 21 (4 *L
x—4T xodt x =3 (4) -3
lim f(x) = lim ()
x—4" x4t

f is discontinuous at x = 4
Hence, f'is continuous on [2, 6] except at x = 4.
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iil.

1v.

The domain of fis [0, 10].
ForO0<x<1,f(x)=3

Since f'is a constant function it is continuous in [0, 1]

For1<x<3,f(x)=4

Since fis a constant function it is continuous in (1, 3)

For3<x<10,f(x)=5

Since f'is a constant function it is continuous in [3, 10]
f is continuous at every point in [0, 1] U (1, 3) U [3, 10]

Forx=1,1f(x)=3

f(1)=3

lim f(x) = lim3=3
x—1" x—1"

lim f(x)=lim 4 =4
x—o1t o1t

lim £(x) # lim £(x)
x> xo1

f is discontinuous at x = 1
Forx=3,f(x)=5

f3)=>5

lim f(x) = lim 4 =4
x—>3" x—>3"

lim f(x)=lim5=5
x—3t x—3t

lim f(x) # lim f(x)
x—37 x—3"

f is discontinuous at x = 3

f(x) is discontinuous at x = 1 and x = 3 in its domain [0,10]

Yy
I A

| S5t o ]

|

| 4+ o—o0

|

: 3¢—o

I

|27

1t

|

| X'« T f————t————+——+—F+—+—> X
| Of 1 2 3 4 5 67 8910

|

I v

I

f(x) can be represented on a graph as follows. The graph is broken at x = 1 and x = 3. This proves that the
function f(x) is discontinuous at these two points.

The domain of f is [0, ] such that x € R.

For x < -1, f(x) =-2.

Since fis a constant function it is continuous in [—oo, —1]

For -1 <x <1, f(x) = 2x.

Since f'is a polynomial function it is continuous in (-1, 1]

Forx>1,f(x)=2

Since f is a polynomial function it is continuous in (1, ]

Forx=-1, f(x)=-2

f(-1)= -2
lim f(x) = lim -2=-2
x—>-1" x—>-1"
lim f(x) = lim 2x = 2(—1) =-2
o1t -1t
lim f(x) = lim £(x)=f(~1)
x—>-1" o1t

fis continuous at x = —1
Forx =1, f(x) = 2x

f(1)=2(1)=2
lim f(x) = lim 2x =2(1) =2
x—1" x—1"

lim f(x)=lim2=2

x—o1t o1t

lim f(x) = lim £(x) = £(1)
x-1" x—o1t

f is continuous at x = 1

Hence, fis continuous for all x € R.
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Vi.

Vii.

The domain of f is [0, 0]
Such that x € R.
Forx<-3, f(x)=x+ 3.
Since f'is a polynomial function it is continuous in [—o0,—3]
For —3<x <3, f(x) = —2x
Since f'is a polynomial function it is continuous in (-3, 3)
Forx>3,f(x)=6x+2
Since fis a polynomial function it is continuous in [3, o]
Forx=-3;f(x)=x+3
f(-3)=(-3)+3=0
lim f(x)z lim x+3=(-3)+3=0
x—>-3" x—>-3"
lim+ f(x) lim —2x = —2(—3) =6
x—-3 x—-3"
lim f(x) = lim f(x)
x—>-3 x—>-3
fis discontinuous at x = -3
Forx=3;f(x)=6x+2
f(3)=6(3) +2=20
lim f (x) = lim-2x = -2(3) = -6

x—3" x—37
lim £ (x) = lim 6x+2=6(3)+2=20
-3t -3t

lim £ (x) # lim £ (x)
X3 x—3"

f is discontinuous at x = 3

Hence, fis discontinuous at x = —3 and x = 3 on its domain.
The function is continuous on [2, 10].

Atx=2, lim f(x) = 1ir211 f(x) = f(2)

x—2"

f2)=5
lim f(x) =5
x—2"
lim f(x)=lim ax+b=2a+b
x—2t x—2t
2a+b=5 ....(1)
Atx=10, lim f(x)= lim f(x)=f(10)
x—107 =10t
f(10)=21 lim f(x)= lim ax+b=10a+b
x—10" x—10"
10a+b=21 ....(11)
Solving (i) and (ii), we get
a=2andb=1

Let g(x) = sin x and h(x) = x* be functions defined on R.
Then, (goh)(x) = g[h(x)]

= g(x")

= sin (x%)

=f(x), forallx € R
g(x) = sin x, being a sine function, is continuous for all x € R.

Also, h(x) = x*, being a polynomial function, is continuous for all x € R.

Since, both g and h are continuous functions.
f is a continuous function.
Hence, f(x) = sin(x?) is a continuous function.
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viii. Let g(x) = (1+x) + |x| and h(x) = |x| forallx € R
Then, (hog) (x) = h[g(x)]
= |g(x)| w. [ h(x) =|x|]
= |(1+x)+|x||
= f(x)
Now, h(x) = |x| is continuous for all x € R,

gx)=(1+x)+ |x| is the sum of a polynomial function and modulus function. Hence it is continuous for all

x e R.
Thus, fis a composite function of two continuous functions g and h.
Hence, the function f is continuous for all x € R.

ix.  We know that f(x) = a* (where a > 0) is defined for every rational number x.
Let ¢ be a real number.
Putx=c+h,thenasx >c,h— 0

lim f(x) = lim a*= lim 2" = lim a° -a" = (%in&a“)(}]in(}ah) @) @) =a(1)= a°
= f(c)

Thus, lim f(x) = f(c) (where ¢ > 0)
Hence, f(x) = a" (where a > 0) is continuous for x € R.

X. We know that f(x) = sin x is defined for every real number x.
Let c be a real number.
Putx=c+h,thenasx —>c¢,h— 0

lim f(x) = hm sinx = hm sin(c +h) = hm(sm ccosh+ coscsin h)

X—C

= %1_1‘)1(}(51110 : cosh) + %1:13(cosc-s1nh) = sin ¢(1) + cos ¢(0) = sin ¢ = (c)
Thus, lim f(x) = f(c)

sine function is continuous on R.

Miscellaneous Exercise — 1

1.  Discuss the continuity of the following functions. Which of these functions have removable
discontinuity? Redefine such a function at the given point so as to remove discontinuity.

. 2
3smx _ 1
i f(x) = g, forx;tO
x-log(1+ x) atx=0
= 2log 3, for x = 0
ii.  f(x) =(1+ cos 2x)* "%, forx = =~
T
= e4, forx= — 4
iii. f(x)= Ix] R forx =0
X } at origin
=1, for x=0
iv. ()= sin(a+x)+sin.(a—x)—2sina, for x = a
=sin a, for x=a
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cos’ x —sin* x —1

v. )= , for x=0
x*+1-—1 at x=0
=—4, forx=0
Solution:
i.  f(0)=2log3=log3’ ....(given)
sinx 2 sin x 2
(3 _1) (3 _1) y sin® x
sinx 2 Ee— -
limf(x) = lim Clld lim x* —lim sin’ x x>
x—0 x—0 x-log(1+x) x—0 x.log(1+x) x—0 X-log(1+x)
Y — 2
[3“‘” -1 sinx]2 [ CO3 ] sinx)
; X lim— x lim
sSin x X x—0  §in X =0  x
= lim =
0 M hmw
X ¥=0 x
log3x1)’
linolf(x) = £(0)

f is discontinuous at x = 0.
The discontinuity of f is removable and it can be made continuous by redefining the function as

. 2
f(x)=u, forx#0
x-log(1+x) }atx=0
= (log 3)%, forx=0
i f [5] — ¢ ...(given)
4

lim f(x) = lim (1 + cos 2x)tsee
X—>— x—»%

4

Putz—th,thean T h
4 4

Asx—)%,h—)O

. T e 2(%7}]) T e (572h) . . 4cosec2h
lim f(x) = lim 1+cos2[——h] = lim|1+cos ——Zh] = hm[l +sm2h]
N h—0 4 h—0 2 h—0

4
1 4
= lim (l+sin2h)Si“2“‘ =e'

limf(x) :f[f

=k 4

. . T
f is continuous at x = R

ii.  f(0)=1 ....(given)
Now, |x| =—x Vx<0
X _

e
x>0 X X
Also, x| =x Vx>0
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-0t X
hm f(x) = hm f(x)
x—0t
f is discontinuous at x = 0.
The discontinuity is irremovable as f(x) is defined for all x = 0.

iv. f(a)=sina ....(given)
hm fx) = lim sin(a+x)+ s1n.(a —x)—2sina _ lim 251nac0§x —2sina _ lim Zsma(cfosx -1)
¥—a xsin x x—a xsinx ¥—a xsinx
2sin a(—2 sin’ ;) Jsinasin™ tan(;)
= lim ——2 = lim (-2sin a)

= lim
x—a X X x—a X
x| 2sin—cos— xcos—

2 2

X
) )
——Z =-2sina — hm
x
2

1)(2 x—a
2

x—a

=-2sina lim

X—a

=-2sina (lj
2

=-sina
lim f(x) = f(a)

f is discontinuous at x = a.
The discontinuity of f is removable and it can be made continuous by redefining the function as

o) = s1n(a+x)+s1n.(a—x)—2sma’ for x %
xsinx }atx—a
=—sin a, forx=a
V. f(0)=-4 ....(given)

cos’ x —sin® x —1 (1*005 x)—sin’ x ( * +1+1)

hmf(x)— lim = lim
¥=0 Vxt+1—1 ¥=0 Vi +1—1 ( X +1+1)
(—sin2 x —sin? x)(x/x2 +1 +1)

(~2sin’ x)( X +1+1)

= lim

= lim
50 (\/x2+1—1)(\/x2+1+1) 30 X' +l-1
—2sin’ x (\/xz +1+ 1)
= lim ( ) : - (\/ 1+1)
x—0 X x~>0
. 2
—_2 [lingw  lim (\/x2 +1+1)
X— x X—

— 2 x (1) x (\/0+1+1):—2 x (1+1)
=—-2x2

lim f(x)=—4

lim f(x) = £(0)

f is continuous at x = 0.
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2. Find the value of k, if the functions are continuous at the points indicated.
i. f(x) =logy v (1 + 2x), forx =0
at x=0
=Kk, forx=0
k
i f) = X for x = =~ -
n—2Xx 2 atx= 2
=3, for x = T
2
1-t
i, f0)= 1 —@n0 foro= =
1-+/25in0 4 P
K - at 0= Z
= —, for 6= —
2 4
1
. T *
iv. f(x)= |:tan (—+ x):| R forx =0
4 at x=0
=Kk, for x=0
Solution:
. f(0)=k ....(given)

Since f(x) is continuous at x = 0
f(0) = lin(} f(x)

k= tim log, ., (1-+ 20 = lim 28029 i <01
- 0 log(1=2x) _1im{1“5(1_2x)} -1
x—0

k=-1

i.  f|=|=3 ....(given
[2] (given)
Since f(x) is continuous at x I
T
f|—=|= lim f(x
[2] im 2

kcosx

3=1lim
=2 T—2Xx

PutE—th,thean T n
2 2

Asx—)%,h—)O

kcos[;t - hj
3= 1lim

h=0 n—Z[n—hj
2

cos[n—h]
3=k lim——2 )= Ky, Sinh_ K
w0 2h 200 b 2

k=6
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i k
. f|—=|=—= ....(given
(4] 5 (given)
Since f(x) is continuous at 6 = %
f(£)= lim £(0)
4 9%%
1_sin6
K i 12800 g cos® _ j,  cosO-sind
2 %%l—ﬁSlne eﬂgl—\/isme eﬁgcose(l—ﬁsine)
cos0—sin0 1+2sin0 . (cos@—sin@)(1+\/§sin9)

= lim X = lim
e%gcose(l—x/zsine) 1+\/Esin6 e_% cose(l—2sin2 6)

(cosO—sin0)(1++/2sin0) - tm (cos0—sin 6)(1 ++/2sin 9)
0> COS 0(cos” 0 +sin”* O —2sin* 0) 0% COS B(cos’ @ —sin’ 0)
(cos 0 —sin 6)(1 + x/Esin 6)
0" cosO(cosO—sinB)(cosB +sin6)

(1+\/§sin9) . 1 1
= lim , viid| 0> —,c0s0 > — andsin® > —,cos O —sinB= 0
e%cose(coseJrsme) 4 V2 V2

1+x/§sin(2j 1+\/§><L

_ _ 2
cos (cos+sinj 1[1+1j
4) 2\2 2
1+1 2
ST T2
7><7
V22
L
2
k=4
iv. f(0)=k ....(given)

Since f(x) is continuous at x = 0

' ' '
f0) = tim f(x) = lim {tan(%erﬂx: lim (Htanxjx - 1imm

=0\ ]1—tanx ¥0 (1-tanx)s

tan x . tanx

1

x ! xli“() x
[(l+tan x)‘a‘”] [lin3(1+tan x)“‘““]

—tanx

0 ! X 1 7)(1{41)“0 X
[ (1-tan x) ‘J [lirr% (1-tan x) ‘]
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Chapter 01: Continuity

3. i If f (x) is continuous on [-4, 2] defined as
f(x) = 6b — 3ax, for—4<x<-2
=4x+1, for -2<x<2,
Find the value of a + b.
ii.  Find the relationship between a and b, so that the function f(x) defined by
ax+1, ifx<3
f(x) = .
bx+3, ifx>3
is continuous at x =3
-, ifx=0
iii. A function f(x) is defined as f(x) = { | | o~
0, ifx=0
Is the function continuous at x =0?
iv.  Prove that every rational function is continuous.
v. Is the function defined by f(x) = x* — sin x + 5 continuous at x = 7?
Solution:

. Since f'is continuous on [—4, 2],
: fis continuous on x = —2

lim f(x) = lim f(x)

x—>-2"

-2t

lim 6b—3ax = lim 4x+1

x—>-2"

x—>-2t

6b — 3a(—2) = 4(-2) + 1
6b + 6a=-7
6(a+b)=-7

=7

atb= —
6

1. Since f'is continuous at x = 3
lim f(x) = lim f(x)
x—3" x—3"

limax+1= lim bx +3

x—3"

x—>37

aB3)+1=b(3)+3

3a—3b=2

3a-b)=2

a—b= 2
3

a=

+

on

iii. f0)=0 ...(given)

i 10 = g

1

1+e*
1 1

1 Lo
Asx—0", = > +w, e*>e” ie, ef >+

lim f
x0T

X

1
x>0 ' 140 o

(%) lin}rLz—z
l+e

1 1

_ 1 - _ 1 . =
Andasx >0, ——> -, e*>e "= — ie,e* =0

X (5]
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lim f(x) = 1im%=L=1

x>0~ x>0~ - 1+0
I+er

lim £ (x) # lim £ (x)

x—0" x—0"

f is discontinuous at x = 0.

iv.  Letf(x)= % , [ h(x) # 0] be a rational function where g and h are polynomial functions.
X
The domain of f is the set of all real numbers except those points at which h is zero. Since polynomial
functions are continuous, f(x) is continuous.
V. f(x)=x*—sinx+5
f(n)=n’—sinn+5=n"-0+5=n"+5
Also, liinf(x)Z liin (F—sinx+5)=n’—sinn+5=n0"-0+5=0"+5

Since, lim f(x) = f(m), fis continuous at x = 7.
X—T

4. i. Discuss the continuity of the function f(x) =| x|+ | x — 1 | in interval [-1, 2].
ii. A function defined by

fx)=x+a, forx<0
=X, for0<x<1
=b —x, forx>1
is continuous in [-2, 2]. Show that (a + b) is even. [Mar 13]
sin x
iii. Show thatf(x)={ x ’ x<0 is a continuous function.

x+1, x=>0
Solution:
i Let gx=|A.
Then, g(x)=x, forallx>0
=—x, forallx<0
Now, g(0)=0
Also, gir? g(x) = lxlgg (-x)=0and 3531 g(x) = !gr(}x =0

Thus, lir(l)’l g(x) = lirél+ g(x) = g(0)

£i1>18 g(;; exists andlii_r}% g(x)=0.

lim g(x) = g(0)

Hence, g(x) = |x| is continuous at x = 0.

Letx € [-1, 2] - {0}
Since, g(x) is a polynomial in [-1, 0) and (0, 2], it is continuous in these intervals.
g(x) is continuous in [-1, 2].
Let h(x) =] x—1].
Then, h(x) =x—1, forall x > 1
=—(x-1), forall x <1
Now,h(1)=1-1=0
Also, lim h(x) = l)grll —(x—1)=—(1-1)=0and linl h(x) = 1311} x-1H=1-1=0.

x—1" x—1

Thus, lim h(x) = lim h(x)=h (1)

x—1" x—1

lin} h(x) exists and linll h(x) =h(1)

Hence, h(x) = |x — 1] is continuous at x = 1.
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il.

1il.

Letx € [—1,2]— {1}. Since h(x) is a polynomial in [-1, 1) and (1, 2], it is continuous in these intervals.
h(x) = |x — 1] is continuous in [- 1, 2].

Now, f(x) = g(x) + h(x) and g(x) as well as h(x) are continuous on [-1, 2].

The sum of two continuous functions is a continuous function.

Hence, f(x) is continuous in [— 1, 2].

f(x) is continuous in [— 2, 2].

f(x) is continuous at x = 0.
lim f(x) = Iim+ f(x)

x—0" x—0

lim (x+a)= lim x
x—0" x—0T

0+a=0

a=0

Also, f(x) is continuous at x = 1.
lim f(x) = 1irrl f(x)

x—1 x—1

limx= lim (b—x)

x—1" x—1

I=b-1
b=2
atb=0+2=2

Hence, (a + b) is even.
f0)=0)+1=1
sinx

lim f(x)z lim =1

x—=0" x>0 X

limf(x)z limx+1=(0)+1=1
x—0" x—0"

lim 22— 0+ 1= lim (x+ 1)
x—0" X x—0t
1=1=1

Hence, f(x) is continuous at x = 0.

5. i. Examine that |f(x)| is a continuous function on its domain D, where f(x) is continuous on its domain D.
ii.  Prove that composition of two continuous functions is continuous.
ili. Show that the function defined by f(x) = |cos x| is continuous functions.

Solution:

1.

il.

Let x = a be the point of the domain D of function f.
We have, |f(x)| =—f(x) for f(x) <a (say Dy)
=f(x) forf(x) >a (say D,)
Since f(x) is continuous on its domain, say D, —f(x) is continuous on its domain, say D;.
Further, f(x) is continuous on its domain, say D,, such that D =D; U D,
|f(x)| is continuous on its domain D.

If f and g are two real valued functions, then (gof) (x) = g(f(x)) is defined (i.e., exists) whenever the range of
fis a subset of domain of g.

Let fand g be two real valued functions such that gof is defined at x =a (‘a’ is an element of domain of ')
Then, g(f(a)) exists.

Let f be continuous at x = a.

liln f(x)=1f(a)=b (say) ....(1)
Let g be continuous at x =b.
lim g(x) = g(b) = g(f(a)) -..(i1)
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iil.

Now, limg(fw) = g (limf(x)) = e(b)
= g(f(a))

Hence, gof is continuous at x = a.

....[From (i)]
....[From (ii)]

But, x = a is an arbitrary point on the domain of f.

the composition of two continuous functions is continuous.

First, we need to verify that cosine function is continuous.

Now, limcosx =1 and lim sinx=0

x—0 x—0

We know that, f(x) = cos x is defined for every real number.

Let ¢ be a real number.
Putx=c+h,thenasx —>c,h— 0

lim f(x) = limcos x = }]m% cos (c+h)= }1111(1) (cos ¢- cos h — sin ¢- sin h)

X—C X—C

= }]m% (cosc-cosh) — %11’1’% (sin ¢- sin h) = cos ¢(1) — sin ¢(0) = cos ¢ = f(c)

Thus, lim f(x) = f(c)

Hence, cosine function is a continuous function.

Let g(x) =] cos x |
Then, g(x) =—cos x
=cos x

for cosx <0
forcos x>0

Since cos x is continuous, — cos x (i.e., k cos x, where k = —1) is also continuous.

g(x) =| cos x | is a continuous function.

Multiple Choice Questions

The function f(x) = LR
4x

3

(A) discontinuous at only one point.

(B) discontinuous exactly at two points.
(C) discontinuous exactly at three points.
(D) discontinuous at many points.

|
500) = 4 5 70 then fx) is
0,forx=0

(A) continuous at x = 0.

(B) discontinuous at x = 0.

(C) discontinuous everywhere.
(D) continuous everywhere.

kx +35,if x<2 i .
If f(x)= . and limf(x) exist,
x—1Lif x>2 X2
then the value of k is
1 -1
@a -2 ® 2 © < @O 5
<
If fix) = {2 , O=x<l is continuous at x
c—2x , 1<xL2
=1,thenc=
(A) 2 B) 4
<© o D) 1

1 , if x<3

If f(x) = <Jax+b , if 3<x<5is continuous,
7 ,if 5<x

then the value of a and b is

(A) 3,8 (B) -3,8

(C) 3,-8 (D) -3,-8

For what value of k the function

NS5x+2—-+4x+4 -

fx) = x=2 2 is
k Jfx=2

continuous at x = 2?

-1 1
A) —— B) —
(A) NG (B) o

1 -1
C) — D) —
© 43 © 23

The sum of two discontinuous functions
(A) is always discontinuous.

(B) may be continuous.

(C) is always continuous.

(D) may be discontinuous.

.1
I f(x) = xsm;, x#0
k, x=0
then the value of k =
@ 1 B -1

1S continuous at x = 0,

© 0 (D) 2
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9.

10.

11.

12.

13.

14.

, when xeQ .

1
fx) = { —1, when x¢Q

(A) continuous everywhere.

(B) discontinuous everywhere.

(C) continuous only at x = 0.

(D) continuous at every rational number.

. 1 .
sin(a + )x+smx,x<0
X
If f(x) = 1 x=0
2 9
32
xV+1 x>0
2
is continuous at x = 0, then the value of a is
1 1
A) — B) ——
(A) 5 (B) 5
3 3
) = D) —=
© 5 (D) 5
x*—4x+3 41
Function f(x) = -1 x ,1s
2 , x=1

(A) continuous atx = 1.

(B) continuous at x = —1.

(C) continuous at x=1 and x =-1.
(D) discontinuous atx = 1.

Determine the value of constant k so that the

1—coskx 40
function f(x) ={ xsinx is continuous
2 ,x=0
atx=0
(A) k==£2 (B) k=+4
©) k==x1 (D) k==x3

S5x—-4  ,0<x<1
4x* +3bx, 1<x<2

is continuous at every point of its domain, then
b is equal to

If function f(x) ={

@A o0 B 1 < -1 (D 3
1-sin x i
, X#E—
If f(x) = m-2x 2 s continuous at
n
k , X=—
2
x= I ,thenk =
2

A o0 ®» 1 © -1 DO 3

15.

16.

17.

18.

19.

20.

sin3x

, x=0
If f(x) =4 sinx is a continuous function,
k ,x=0
then k =
1
@ 1 ® 3 (© 3 D) 0

The function

3x—5, forx<3
f(x)=9 x+1, forx>3
c, forx=3

is continuous at x = 3, if c is equal to

(A) 4 B) 3 © 1 (D) 2
The function y =3 +/x —|x—1| is continuous at
(A) x=0 B) x>0
(©) 0=x<1 (D) x=>1

1, x<-1
Let f(x) = |x, —l<x<l, then

0, x>1

(A) fis continuous at x =—1.
(B) fis differentiable at x = —1.
(C) fis continuous everywhere.
(D) fis differentiable for all x.

(%)sianz, if x<0
X
2
f(x)= w, ifoO,x;ztL
1-3x 3
1
0, ifx=—
NG

Then in order that f be continuous at x = 0, the
value of ¢ =

@a 2 ® 4 (© o6 D 8

log (1+ ax) —log(1—bx) s

The function f(x) =

not defined at x = 0. The value which should
be assigned to f at x = 0 so that it is continuous
atx=0,1s

(A) a-b (B)
(C) loga+loghb (D)

atb
loga—1logb

Answers to Multiple Choice Questions

I. (C) 2. B) 3. (A 4. (B
5. (C) 6. () 7. (B) 8. (C)

9. (B) 10. (D) 11. (D) 12. (A)
13. (C) 14. (A) 15. (B) 16. (A)
17. (B) 18. (A) 19. (C) 20. (B)
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