
 

OCTOBER 2011  U/ID 4721/PAT 

Time : Three hours Maximum : 100 marks 

SECTION A — (10 × 2 = 20 marks) 

Answer ALL questions. 

Each question carries 2 marks. 

1. If A  and B  are subgroups of an obelian group  

G  , then prove that AB  is a subgroup of G . 

 BA,  CøÁ G  GßÓ A¤¼¯ß S»zvß EmS»[PÒ 

GÛÀ AB , G  ß EmS»® GÚ {ÖÄP. 

2. Prove that the order of any element of a finite 

group G  divides the order of G . 

 G  GßÓ •iÄØÓ S»zv¾ÒÍ G¢u J¸ EÖ¨¤ß 

Á›ø\²® G  ß Á›ø\ø¯ ÁSUS® GÚ {¹¤. 

3. Define a Boolean ring. 

 J¸ §¼¯ß ÁøÍ¯zøu Áøµ¯Ö. 

4. Define the ring of Gaussian integers. 

 Põê¯ß •Ê GsPÎß ÁøÍ¯zøu Áøµ¯Ö. 
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5. Define polynomial rings. 

 £À¾Ö¨¦ ÁøÍ¯[PøÍ Áøµ¯Ö. 

6. When a polynomial is said to be primitive? 

 J¸ £À¾Ö¨¦U÷PõøÁ G¨ö£õÊx öuõhUP{ø» 

GÚ¨£k®? 

7. In ( )RV3  prove that the vectors ( )2,4,1 − , ( )3,1,2−  

and ( )5,11,4−  are linearly dependent. 

 ( )RV3  À ( )2,4,1 − , ( )3,1,2− , ( )5,11,4−  GßÓ 

öÁUhºPÒ ÷|›¯À \õº¦ÒÍøÁ GÚ {¹¤. 

8. Define a minimal generating set. 

 ]Ö© BUS® Pnzøu Áøµ¯Ö. 

9. State Cayley Hamilton theorem. 

  öP´¼ íõªÀhß ÷uØÓzøu Áøµ¯Ö. 

10. Define an inner product space. 

 Emö£¸UPÀ öÁÎø¯ Áøµ¯Ö. 
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SECTION B — (5 × 16 = 80 marks) 

Answer ALL questions. 

All questions carry equal marks. 

11. (a) (i)  Show that if H  and N  are subgroup of 

a group G  and N  is normal in G , then 

prove that NH ∩  is normal in H . 

  (ii) Prove that any homomorphic image of a 

cyclic group is cyclic. 

  (i) H , N  Gß£øÁ G  GßÓ S»zvß 

EmS»[PÒ N  ÷|ºø© EmS»® GÛÀ 

NH ∩ –H  À ÷|ºø© GÚ {¹¤. 

  (ii) J¸ ÁmhUS»zvß G¢u J¸ ö\¯À 

©õÓõU ÷Põºzu¼ß ¤®£•® ÁmhUS»® 

GÚ {ÖÄP. 

Or 

 (b) (i) Prove that any finite cyclic group of 

order n is isomorphic to ( )⊕,
n
Z . 

  (ii) Prove that A group G  has no proper 

subgroups iff it is a cyclic group of 

prime order. 
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  (i) Á›ø\ n EÒÍ G¢u J¸ •iÁõÚ Ámh 

S»•® ( )⊕,
n
Z  Ehß \© J¨¦ø©U 

÷PõºzuÀ Eøh¯uõS®. 

  (ii) G  GßÓ J¸ S»zvØS uS¢u EmS»[PÒ 

C¸¨£uØSz ÷uøÁ¯õÚ ÷£õx©õÚ 

Pmk¨£õk G –£Põ Gs Á›ø\ öPõsh 

J¸ Ámhz S»©õP C¸UP ÷Ásk® GÚ 

{¹¤. 

12. (a) R  is a commutative ring with identity. 

Prove that an ideal M  of R  is maximal iff 

MR /  is a field. 

  R  Gß£x •ØöÓõ¸ø© EÒÍ J¸ £›©õØÖ 

ÁøÍ¯® GÛÀ R  ß ^º©® M  «¨ö£¸©©õP 

C¸UPz ÷uøÁ¯õÚ ÷£õx©õP Pmk¨£õk 

MR /  J¸ PÚ©õP C¸UP ÷Ásk® GÚ {ÖÄP. 

Or 

 (b) State and prove the fundamental theorem of 

homomorphism of rings.  

  ÁøÍ¯[PÎß ö\¯À©õÓõU ÷Põºzu¾UPõÚ 

Ai¨£øhz ÷uØÓzøu GÊv {ÖÄP. 

[P.T.O.]
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13. (a) (i) R  is an Euclidean domain. If a and b 

are two non-zero elements of R  then 

prove that 

   (1) b  is not a unit in 

( ) ( )abdadR <⇒  

   (2) b  is a unit in ( ) ( )abdadR =⇒ . 

  (ii) Prove that 5 is not a prime element in 

the ring R  of Gaussian integers. 

  (i) R  J¸ ³U½i¯ß Aµ[P® a, b, R  ß 

§a]¯©ØÓ EÖ¨¦PÒ GÛÀ 

   (1)  b, R  ß J¸ A»S CÀø» GÛÀ 

( ) ( )abdad <⇒  GÚÄ®. 

   (2) b, R  ß J¸ A»S ( ) ( )abdad =⇒  

GÚÄ® {ÖÄP. 

  (ii) 5 R  GßÓ Põê¯ß •Ê GsPÎß 

ÁøÍ¯zvÀ £Põ EÖ¨¦ AÀ» GÚ 

{ÖÄP. 

Or 

 (b) State and prove division algorithm. 

  ÁSzuÀ £i •øÓ°øÚ GÊv {ÖÄP. 
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14. (a) If V  is a finite-dimensional vector space over 

a field .F A  and B  are subspaces of V . 

Then prove that  

 ( ) ( )BABABA ∩−+=+ dimdimdimdim  

  V , F  I¨ ö£õÖzu J¸ •iÄØÓ £›©õn•ÒÍ 
öÁUhº öÁÎ A , B V –ß EÒ öÁÎPÒ GÛÀ 

  ( ) ( )BABABA ∩−+=+ dimdimdimdim  GÚ 

{¹¤. 

Or 

 (b) If )(, VATS ∈  then prove that 

  (i) rank ( ) ( )( )TrankSrankST ),(min≤  and 

  (ii) rank ( ) ( )( )TrankTSrankST == ) if S  

is regular. 

  )(, VATS ∈  GÛÀ ¤ßÁ¸ÁÚÁØøÓ {ÖÄP. 

  (i) rank ( ) ( )( )TrankSrankST ),(min≤  

  (ii) S  JÊ[PõÚx GÛÀ rank 

( ) ( )( )TrankTSrankST == ) . 

15. (a) (i) State and prove triangle inequality.  

  (ii) If V  is a finite dimensional inner 

product space and W  a subspace of V , 

prove that ( ) WW =
⊥⊥ . 
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  (i) •U÷Põn \©Ûßø© Âvø¯ GÊv  
{ÖÄP. 

  (ii) V  J¸ •iÁõÚ £›©õn•ÒÍ 
Emö£¸UPÀ öÁÎ W  V ß EÒöÁÎ  

GÛÀ ( ) WW =
⊥⊥  GÚ {ÖÄP. 

Or 

 (b) (i) State and prove Cayley-Hamilton 

theorem. 

  (ii) Prove that the characteristic roots of A  

and T
A  are the same. 

  (i) öP´¼–íõªÀhß ÷uØÓzøu GÊv 
{¹¤. 

  (ii) A , T
A  CÁØÔß ]Ó¨¤¯À¦ wºÄPÒ 

\©® GÚ {¹¤. 
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